We introduce a billiard scattering model consisting of two non-overlapping rotating discs in the context of the formation and structural properties of planetary rings. We show that due to the arrangement of the symmetric periodic orbits, stable orbits are found which in the configuration space lead to the appearance of patterns qualitatively similar to planetary rings. Rings associated with different stability regions are naturally braided; different braids may overlap displaying features similar to clumps. Erosion mechanisms within the model are discussed.
Introduction
One of the long standing problems in the physics of the solar system and celestial mechanics, which goes back to Galileo, is the nature of planetary rings [1] [2] [3] . The known ring systems (around Jupiter, Saturn, Uranus and Neptune) display some similar features: they are composed by rather small particles, occur close to their planets and some aspects of their structure are related to the presence of a few larger bodies. However, it is an open question what is the origin of planetary rings, not just in the sense of the history of the formation of the Solar System, but also in the discussion about the observed rich structure. More specifically, apart from the differences displayed on the transparency, composition and inclination of the systems, it is not clear what is the actual reason for the appearance of wide rings in Jupiter, all the narrow and faint rings of Uranus and Neptune, and the beautiful variety of Saturn rings. Some models have been proposed to explain the different particular phenomena, but the complexity and richness of the real system is overwhelming [4] [5] [6] .
The discovery in 1977 of Uranus' rings brought a lot of interest in the subject, for these rings are just the opposite to those of Saturn in many aspects [1, 2] . Among other properties, in Saturn there are broad rings interrupted by a few narrow gaps while in Uranus the rings are narrow and are separated by broad gaps. To explain the confinement of this rings, Goldreich and Tremaine [7] developed the idea that the confinement of the narrow rings was caused by shepherding satellites. These ideas were confirmed in concept by the discovery of Prometheus and Pandora on either side of the F ring of Saturn, and later by the discovery of Cordelia and Ophelia shepherding the Epsilon ring of Uranus; however, no other shepherd satellite has been seen near the other uranian rings.
Considering the case of Saturn's F ring [3, 8] , its shepherd satellites are directly related with well defined edges of the ring and induce some of its fine structure by gravitational forces. However, the braided structure of this ring, that is, the arrangement of the ring material in well defined strands that intertwined is not yet understood in these terms [1, 2] . The purpose of this paper is to draw attention to a very simple and common mechanism which we believe is related to the existence of stable rings and in particular with the braids observed in the F ring of Saturn. We shall focus our attention on the formation of stable rings which are only due to the orbit of the shepherd satellites [7] .
To illustrate this fact, we shall consider a simple planar scattering pinball model, a billiard system. Here, point particles (ring particles) will move freely and bounce off two rotating hard discs from time to time, otherwise escaping. Collisions among ring particles are neglected. Within this crude model, the hard discs represent the shepherd satellites and, as a further simplification, they are assumed to rotate in non-overlapping circular orbits with the same angular velocity. The discs will be then responsible for the formation and confinement of the rings, if any exists.
At first sight rotating discs and 1/r potentials seem to have nothing in common. But interestingly enough the limit of disc radious zero gives the same reflection behaviour as the mass zero limit for 1/r potentials, which is known to contain the relevant information for the restricted three-body problem [9] . Indeed, the m class periodic orbits of Hénon have quite similar properties to the periodic orbits for a rotating disc, as we have shown in a previous work [10] .
Our construction will be based on the structure of the chaotic saddle of the scattering system, and thus on the arrangement and stability of the fundamental periodic orbits of the system [11] . We shall focus on the symmetric periodic orbits [12] formed by collisions of the ring particles with the outer disc, which may also interact with the inner disc. We shall see that there are intervals of the Jacobi integral (the only relevant physical quantity) where these orbits happen to be stable. The small KAM regions found around them are dynamically confined and initial conditions starting on them will remain trapped on a bounded region of phase space. An ensemble of particles with such initial conditions will then form ring like structures in configurations space that display properties similar to the braided F Saturn ring. Our assumption of collision-less ring particles will be crucial for the treatment. Collisions with the inner disc will sweep away ring particles depending on the configuration of the billiard, representing this a mechanism of erosion of the rings [4, 13, 14] .
The paper is organized as follows: in the next section we describe the geometry of the model and discuss the symmetric periodic orbits of the system as wellas their arrangement with respect to the physical parameter. In Section 3, we relate the structure of the arrangement of periodic orbits to their stability. Focusing on the stability of the periodic orbits resulting in the one rotating disc billiard, we construct a whole family of rings in configuration space, which display a structure similar to the braids of Saturn's F ring. Section 4 is devoted to the full two rotating disc billiard, considering in particular the role of the inner disc in the resulting arrangement of the symmetric periodic orbits. Finally, in section 5 we present the conclusions and an outlook of our work.
The rotating two-discs scattering billiard
We shall study the planar motion of collision-less point particles in an open billiard which consists of two non-overlapping discs on circular orbits (Fig. 1) . We consider the discs of radius d i whose center is at distance R i from the origin (i = 1, 2). For simplicity, we shall discuss the case where the discs move with the same angular velocity ω, which allows us a time independent Hamiltonian formulation, although the dynamics of the billiard indeed allow us to relax this condition. The (constant) angle formed by the vectors pointing to the centers shall be denoted by β. In what follows, we shall refer to the inner and the outer discs as disc 1 and disc 2 respectively. In this terms, the non-overlapping condition reads as
In a rotating frame (synodic frame), the dynamics are given by the Hamiltonian with V(x,y)=0 outside the discs, and infinite inside them. The explicit time independence of J in eq. (1) implies that it is a conserved quantity of the global flow, the Jacobi integral. We shall define the coordinates such that in this rotating frame the outer disc lies on the positive x-axis. Notice that in the case where the discs move with different angular velocities there is no first integral of motion.
On a fixed coordinate frame (sidereal frame), the dynamics are straightforward. A particle moves on a straight line with constant velocity until it hits one disc, which changes both the magnitude and the direction of the velocity vector [15] . After the collision, a point particle wins (looses) energy if it bounces off the discs on its front (back) side, i.e. against (in favor of) the rotation of the colliding disc. This naive observation is precisely the key point for the construction of the symmetric periodic orbits of the system. If a particle bounces radially, that is at one of the intersection points of the disc and the line that joins the origin and the center of the disc, then the energy is conserved and incoming collision angles are equal to outgoing ones. Therefore, if we have initial conditions which display consecutive radial collisions with the disc, they belong to a trapped orbit. In the synodic frame, such trapped orbits are actually periodic orbits which preserve the symmetry of the problem [15] . As shown in [12] , the importance of the symmetric periodic orbits or deformations of them for the non-symmetric cases is that they are the fundamental periodic orbits in the construction of the chaotic saddle. Matching the time between consecutive radial collisions for the particle and one disc, the periodic orbits obtained from bounces off the same single ith-disc (i = 1, 2) are given by [15] 
Here, α i ∈ [−π/2, π/2] is the outgoing angle for the radial collision with the disc (negative values correspond to a particle running against the rotation), and n = 0, 1, 2, . . . denotes the number of full turns that the disc completes before the next collision. These curves are plotted for some values of n in Fig. 2a as continuous lines. Notice that n defines continuous families of such periodic orbits with a precise hierarchical arrangement.
Similar families of periodic orbits also exist which alternate bounces among the discs. However, symmetry considerations of these two-bounces periodic orbits imply that they retain the symmetric character, i.e. bounce radially, only for β = 0 and β = π. That is, except for those values of β, related periodic orbits are accelerated after a collision with one disc and decelerated after the next. The two-bounces symmetric periodic orbits are given by
where the (constant) velocity between collisions is (for β = 0, π)
and, in these cases α 1 and α 2 are geometrically related by the identity
Notice that eq. (5) 
The case where the equality holds correspond to tangent collisions with disc 1. In this case, n is defined as the number of turns completed by the disc during one period of the symmetric periodic orbit. Again, n serves as a parameter for distinguish the families of symmetric periodic orbits.
In Fig. 2b we have plotted the symmetric periodic orbits which involve disc 2 for β = 0 for some values of n, as given directly by eqs. (2) and (3) (4) . It follows from eqs. (3-4) that for β = π the n curves correspond to the n + 1 curves of β = 0. As it can be appreciated in Fig. 2b , the curves J 12 display cusps at the edges of the interval where they are defined (|α 2 | = α max 2
) and decrease monotonically. From the definition of n it follows that there is no branch of the n = 0 family of symmetric periodic orbits for negative values of α 2 in the case β = 0. In fact, this is related to the singularity observed in J 12 for n = 0 and β = 0 as α 2 → 0 (Fig. 2a) , which represents the infinite velocity that the particle needs in order to perform an α 2 = 0 periodic orbit, which bounces on both discs before they complete a full turn.
On the other hand, we notice that the curves J 22 (continuous lines in Fig. 2a ) are convex or concave depending only on the sign of α 2 , and then display local maxima and minima. The important fact to observe here is that the derivative of the J 12 families is strictly negative for any n, while dJ ii / dα 2 (i = 1, 2) vanishes at least in one point for all n. This vanishing derivative is important in the context of stability of the periodic orbits and their bifurcations.
3 Stability of the J 22 symmetric periodic orbits: formation of rings In order to consider the stability of the periodic orbits, we shall begin analyzing the case where the scattering billiard is composed only by one rotating disc, the outer one. As noticed by Hénon [16] for the restricted three-body problem, the stability properties are related to the value of dJ ii / dα i . In fact, a saddle-center bifurcation scenario associated with the maxima and minima of the curves J ii is responsible for the appearance or destruction of the single- disc symmetric periodic orbits for the rotating billiard [15, 17] . Therefore, just below each maxima or above the minima, there exists an interval of Jacobi integrals where one of the corresponding periodic orbits is stable and is surrounded by invariant tori; the other fixed point corresponds to a hyperbolic one whose manifolds build an incomplete horseshoe. These maxima and minima are defined by the condition dJ 22 / dα 2 = 0, which can be rewritten as
This equation defines for a given n the angles α 2 = α * where the maxima or minima are to be found, independently of the specific geometrical parameters considered in the model.
In Fig. 3 we present the surface of section in the case of the one-disc rotating scattering billiard for J 22 = 1.173, illustrating the regions of stable motion just described. We have chosen the disc's parameters R 2 = 3 and d 2 = 1 (ω = 1). The surface of section is defined here by the angles α and φ, the latter angle characterizes the position of the collision point on the disc [15] . As shown, there are only two fixed points for this value of the Jacobi integral which correspond to the periodic orbits near the maximum of the n = 0 case (see Fig. 2a ). One of this fixed points is stable and appears surrounded by KAM-tori. These KAM tori as well as some regions of chaotic motion are kept bounded dynamically by the invariant manifolds of the partner hyperbolic fixed point. This implies that, even-though the problem in hand is actually a scattering billiard system with a (hard disc) repulsive potential, there exist initial conditions of stable motion which are trapped by successive collisions with the rotating disc.
The KAM tori shown in Fig. 3 are robust and exist under small changes of the Jacobi integral, although complicate sequences of homoclinic bifurcations follow from changes of the physical parameter. Therefore, this scenario persists under variations of the Jacobi integral until the formal parameter describing the binary horseshoe's development attains the value 2/3 (see [18, 19] for details), which indeed defines a continuous interval for J where bounded trajectories exist. Beyond this interval, the stable fixed point turns into inverse hyperbolic; the incomplete hyperbolic structure formed is thus sufficient to make that generic initial conditions escape in scattering trajectories.
In the present context, we shall concentrate in the set of initial conditions that remain trapped and where small variations of the initial conditions are also trapped. That is, we consider all those initial conditions shown in Fig. 3 which are dynamically bounded by the manifolds of the hyperbolic fixed point, without considering if their actual motion is periodic, quasi-periodic or chaotic. This set of initial condition has strictly positive measure, i.e. there is a nonzero probability for generic initial conditions of being within this set [20] . Note that this situation is essentially different to the hyperbolic or near hyperbolic ones, where at most a Cantor set of measure zero is trapped independently whether the horseshoe is complete or incomplete [18] .
We shall stress that, for a generic ensemble of initial conditions defined on the whole phase space, which is not restricted to a fixed Jacobi integral shell, most initial conditions will escape to infinity. However, particles whose initial conditions are chosen close enough to the stable periodic orbits and within the bounded regions described above will be trapped by collisions with the disc. This observation is fundamental for understanding the formation of patterns or rings by infinitely many particles whose initial conditions are started precisely on those dynamically bounded regions found in distinct intervals of the Jacobi integral; the argument is as follows.
Instead of interpreting Fig. 3 as a surface of section generated by the collisions with the disc of a single particle started at different initial conditions (for fixed Jacobi integral), we shall interpret it as an instantaneous stroboscopic map (at every point along the circular orbit of the disc) which is generated by infinitely many particles that bounce the disc on a given time with the same Jacobi integral. Here, collisions among the particles are neglected which ensures the equivalence of the interpretations. Then, the ensemble of particles which are within all the regions bounded dynamically (for each interval of the Jacobi integral where such regions exist) will form definite structures or rings in configuration space that will not escape (Figs. 4) . Notice that the particles within the ring can have different velocities, since their corresponding value of the Jacobi integral may be slightly different, and accelerations or decelerations due to not perfect radial collisions (φ ≈ 0) will be common. Moreover, in the sidereal frame these structures will rotate with the discs.
In Fig. 4a we present in the sidereal frame the ring formed by an ensemble of initial conditions whose Jacobi integral belongs to a neighborhood of the maximum of J 22 for n = 0. Figure 4b displays the set of rings formed by the maxima and minima of J 22 for n = 0, 1. In these figures, each point represents at fixed time t the position of a single particle which moves on a rectilinear trajectory. These particles have collisions with the disc at distinct times and in any point along the disc's circular orbit. The loops shown in Figs. 4b are associated with single rings corresponding to families of symmetric periodic orbits where n ≥ 1, i.e. when the disc completes one or more full turns before having the next collision with the same particle. They result from particles on different rectilinear trajectories (with approximately the same Jacobi integral) which come closer during some interval of time.
In connection with the properties observed in Saturn's F ring [2] , features like braids or clumps can be interpreted within this simple model. First and more important, braids arise as different stable strands where the ring particles move (Figs. 4) . They are the natural consequence of the structure of the symmetric periodic orbits as defined by the parameter n. In turn, the regions where braids intersect can be associated with clumps, since in these regions the local density of particles increases. Notice that the latter may appear as intersection of different braids or when the a rings displays loops (Fig. 4b) . We shall mention that the observational fact that clumps have a finite lifetime has no analog-on in this model; this might be related to the assumption of neglecting collisions among particles, or the planar character of the billiard [4, 13, 14] . Finally, we notice that the thinness of the rings is a consequence of the very small region occupied in phase space by the KAM tori and the rest of the dynamically bounded regions.
Stability of the rings for the two-discs model
It is important to stress that the appearance of rings as described above only requires one rotating disc. Hence, for the full two rotating discs billiard such independent rings may appear associated with each one of the discs, in particular with the inner one. In what follows we shall not consider the rings associated with the inner disc because these do not involve any interaction with the outer one (they are confined to the inner circle of radius R 1 − d 1 ), being thus trivially stable. The only possible interaction involving both discs within our model, which may contribute to increase the structure of the rings or simply annihilate some, is related to the periodic orbits which combine bounces with both discs as given by J 12 . In this section we shall concentrate in the periodic orbits associated with the outer disc, which may have collisions with the inner one, and their effects in the context of rings.
As mentioned in Section 2, the J 12 families decrease monotonically as a function of α 2 . In fact, it can be shown that dJ 12 / dα 2 is strictly non-zero. Therefore, these families of periodic orbits are all unstable and do not undergo any bifurcation. By consequence, these families of periodic orbits do not contribute to the formation of rings.
Yet, these J 12 families of periodic orbits influence indirectly the existence of J 22 families through collisions with the inner disc, i.e. through the finite size of the inner disc. To see this, consider initial conditions belonging to some symmetric periodic orbits J 22 set on the outer disc. Depending on the geometrical parameters of disc 1, some of these initial conditions may collide with the inner disc; as discussed above, the cusp displayed by the J 12 families are precisely the tangent collisions with the inner disc (see Figs. 2 and 5 ). The particles that fully collide with the inner disc will loose the needed correlations to build a periodic orbit, so after a few more collisions these particles will escape along scattering trajectories.
In Figs. 5a-5b we illustrate this plotting the actual characteristic curves for the symmetric periodic orbits J 22 for β = 0, π, where the size effects of the inner disc are taken into account (R 1 = 1.8, d 1 = 0.1). The gaps shown in some families of periodic orbits are due precisely to defocusing collisions with the inner disc. Figures 6 illustrate more dramatically the same effect in the J 22 symmetric periodic orbits for other values of β (the parameters are the same as in Figs. 5). We recall that the angle β defines the relative initial position of the discs. The dependence of the symmetric periodic orbits on this angle is important since it can be related to the adiabatic approximation for slightly different values of the angular velocity of the discs, which is closer to the real situation for the shepherd satellites in Saturn's F ring (except that their orbit is some eccentric Kepler ellipse [2] ).
As shown in Figs. 6, some of the maxima and minima of the curves J 22 may be erased depending on the value of β. It is clear that for those values of β that destroy the stable periodic orbits, the associated ring disappears. In fact, in the case where the discs have slightly different angular velocities so β is slowly varying, this process actually defines an erosion mechanism, whose typical time scale depends on the size of the inner disc and the time scale associated with the change of β (difference on angular velocities of the discs). The important question that then arises is related to the existence of geometrical parameters for the inner ring such that at least one stable periodic orbit is not influenced by collisions with it for any value of β. These parameters would imply the persistence of stable rings for the two rotating discs billiard, even in the case of different angular velocities.
In terms of the geometry defining the billiard, an important parameter is α max 2
, which defines the range of angles for which the periodic orbits J 22 are influenced by the inner disc. One can thus define the geometry of the billiard in such a way that the associated α max 2 is so small that none maxima or minima of the curves J 22 will be affected. That is, to choose the orbit and the radius of the inner disc in such way that no stable periodic orbits are affected for all values of β. This is trivially fulfilled for α max 2 less than the absolute value of the angle where the maximum of the J 22 family with n = 0 is found, which ensures that all the rings will be preserved. This intuitive idea can be generalized, since the stationary points of the families J 22 satisfy eq. (6). Then, for α max 2 bounded by the absolute value of a precise solution of eq. (6), all the corresponding solutions with larger values of n will not be affected by the second disc and the associated rings will exist for all values of β, and therefore, the rings will persist even for different disc's angular velocities. However, in the situation where α max 2 > π/4 there is no such upper bound. This does not imply that all the maxima and minima that may interact with the inner disc actually disappear for a given β, as it can be appreciated in Figs. 6,. But if β changes on time, the gap induced on the curves J 22 by the size effects of the inner disc changes continuously and destroys all stable regions and therefore all rings.
Concluding remarks
In this paper, we have studied a scattering billiard model to discuss some qualitative aspects of the physics related with shepherding processes in planetary systems, and in particular considering the braided structure observed in Saturn's F ring. In our model, stable rings are consequence of the existence of stable periodic orbits and their associated KAM islands, which define phase space regions where the motion is bounded. We choose an ensemble on phase space of non-interacting point particles whose initial conditions belong to these regions without limiting it to a Jacobi integral shell. This ensemble builds regular patterns or rings in configuration space. These rings have a natural braided structure as a consequence of the precise hierarchical arrangement of the symmetric periodic orbits of the system. Different strands of the ring may overlap; these structures resemble in a qualitative way to the clumps observed in Saturn's F ring.
Within the model, we have also shown that there exist mechanisms which may destroy some of the rings or even the totality of them; in the model considered these mechanism are due to the position and radius of the inner disc. These erosion processes, which are determined by the relative positions of the shepherds (and also depending on the masses), are indeed a starting point to explain the existence of a finite number of braids in Saturn's F ring. Moreover, these ideas could also explain the fact that no braids have been distinguished in the Epsilon ring of Uranus. Certainly, our model is unrealistic. We are neglecting entirely the 1/r potential of the central body as well as the interactions between ring particles. The interaction with the shepherds at least resembles the collision orbits which Hénon has shown to be the skeleton of the restricted three-body problem for small mass parameter µ as given by the µ = 0 case [9] .
Based on the known relation between the stable periodic orbits responsible for the braids in our model with relevant families of orbits in the restricted three-body problem a next step toward understanding the braided structure would be to analyze a restricted four-body problem with a large central body and two small shepherds. Based on the same symmetry considerations used here we can conjecture that the µ = 0 collision orbits form the skeleton of the stable structure supporting the braids. If the conjectured relation holds we could again study the effect of small eccentricities of the shepherd orbits first in our disc model.
